Motivated by recent developments in the AdS/CFT correspondence, we provide several alternative bulk descriptions of an arbitrary Wilson loop operator in Chern-Simons theory. Wilson loop operators in Chern-Simons theory can be given a description in terms of a configuration of branes or alternatively anti-branes in the resolved conifold geometry. The representation of the Wilson loop is encoded in the holonomy of the gauge field living on the dual brane configuration. By letting the branes undergo a new type of geometric transition, we argue that each Wilson loop operator can also be described by a bubbling Calabi-Yau geometry, whose topology encodes the representation of the Wilson loop. These Calabi-Yau manifolds provide a novel representation of knot invariants. For the unknot we confirm these identifications to all orders in the genus expansion.
1 Introduction, summary and conclusion
The study of quantum gravity using a holographic formulation requires understanding how the bulk gravitational physics is described by the boundary gauge theory. Given the ubiquitous nature of Wilson loop operators in gauge theory, it is of interest to understand how Wilson loop operators in a gauge theory participating in the holographic formulation of a bulk theory are encoded in the corresponding bulk description. Since gauge theories can be formulated using Wilson loops as the basic variables, an improved understanding of holography may arise from identifying these variables in the bulk theory. This program has recently been completed in [1] for all half-BPS Wilson loop operators in N = 4 SYM (for previous work see [2, 3] ). This extends the bulk description of a Wilson loop in the fundamental representation in terms of a string world-sheet [4, 5] to all other representations. It was found that for each Wilson loop, there is a bulk description either in terms of a configuration of D5-branes or alternatively in terms of a configuration of D3-branes in AdS 5 ×S 5 (see [1] for details). The equations determining the supergravity background produced by these D-branes were found in [3, 6] (see also [7] for the closely related equations for half-BPS domain wall operators), generalizing the supergravity solutions of LLM [8] dual to half-BPS local operators to half-BPS Wilson loop operators. All these asymptotically AdS 5 × S 5 solutions encode in their nontrivial topology the information about the dual operator. For other work see e.g. [9, 10, 11, 12, 13, 14, 15] .
A very interesting and calculable example of a holographic correspondence is the one found by Gopakumar and Vafa [16] in topological string theory 3 . The duality states that the A-model topological string theory on the deformed conifold T * S 3 in the presence of N D-branes wrapping S 3 is dual to the A-model topological string theory on the resolved conifold geometry, with the complexified Kähler modulus given by t = g s N, where g s is the string coupling constant on both sides of the correspondence. As shown by Witten [19] , the physics on the deformed conifold is described by U(N) Chern-Simons theory on S 3 . The goal of this paper is to give the bulk description of Wilson loop operators in Chern-Simons theory. 4 As we shall see, a picture closely related to the one for N = 4 SYM emerges, with the added benefit that we have control over all quantum corrections for the case of Chern-Simons theory. We find that Wilson loops in Chern-Simons can be described either in terms of a configuration of D-branes or a configuration of anti-branes in the resolved conifold geometry. Moreover, by letting the branes undergo a geometric transition, we find that Wilson loops can be described in terms of bubbling Calabi-Yau geometries, with rich topology.
We first identify the holographic description of Wilson loop operators in Chern-Simons theory on S 3 -labeled by a knot in S 3 and a representation of U(N) -in terms of branes in the resolved conifold geometry. Just like in [1] , we find that there are two different brane configurations corresponding to each Wilson loop operator.
The information about the knot α ⊂ S 3 is encoded in the choice of a Lagrangian submanifold L in the resolved conifold geometry, as explained by Ooguri and Vafa in [20] (see also e.g. [21, 22, 23] ). L ends on the knot α on the S 3 at asymptotic infinity of the resolved conifold geometry, where the holographic dual Chern-Simons theory lives. Taubes [24] has explicitly constructed the Lagrangian submanifolds with the desired boundary conditions at asymptotic infinity.
We show that the information about the representation R of the Wilson loop operator -given by a Young tableau (see Figure 1 ) -is encoded in the eigenvalues 5 of the holonomy matrix obtained by integrating the gauge connection on the branes wrapping L -denoted by A -around the non-contractible β-cycle 6 of the Lagrangian submanifold L.
We show that a Wilson loop labeled by a knot α and a representation R given by Figure 1 is described either by a configuration of M D-branes (L x 1 , L x 2 , . . . , L x M ) or by a configuration of P anti-branes (L y 1 , L y 2 , . . . , L y P ), where L x i /L y i denotes a D-brane/antibrane with worldvolume L and with a non-trivial holonomy, shifted by the integral of 3 See [17] for an overview of results and the book [18] by Mariño for a comprehensive introduction. 4 As suggested in [16] , the Wilson loops can be described by string world-sheets in the resolved conifold. We elaborate on this description in Appendix A. 5 Geometrically, these eigenvalues correspond to the positions of the branes up to Hamiltonian deformations (see Appendix C). 6 L has the topology of a solid torus with a boundary at infinity given by a T 2 with canonical α and β one cycles. The β cycle is non-contractible in L while α may or may not be contractible. Figure 1 : A Young tableau with P ≤ N rows and M columns labeling a representation of U(N). R i is the number of boxes in the i-th row and satisfies R i ≥ R i+1 . R T is the tableau conjugate to R, obtained by exchanging rows with columns.
the Kähler form J ,
respectively. 7 For the case of the simplest knot -the unknot -we explicitly check this identification. We show that this Wilson loop operator in a representation given by Figure 1 corresponds to a configuration of M D-branes (L x 1 , L x 2 , . . . , L x M ) where L x i denotes a D-brane wrapping a Lagrangian submanifold L sitting at the position x i = g s (R T i − i + M + 1/2) on the inner edge of the toric diagram of the resolved conifold. In particular, a single D-brane on the inner edge corresponds to a Wilson loop in the antisymmetric representation. Since the effective size of the inner edge of the resolved conifold is t ef f = g s (N + 1), we recover (from x 1 ≤ t ef f ) the group theory bound R T 1 ≤ N for the number of boxes in a column from the compactness of the P 1 of the resolved conifold. The same Wilson loop operator can also be described by a configuration of P antibranes (L y 1 , L y 2 , . . . , L y P ) where L y i denotes an anti-brane wrapping a Lagrangian submanifold L sitting at the position y i = g s (R i − i + P + 1/2) on an outer edge of the toric diagram. In particular, a single D-brane on the outer edge corresponds to a Wilson loop in the symmetric representation. Since the outer edge is non-compact, R 1 can be an arbitrarily large integer, as expected from group theory. The bound on the number of anti-branes P ≤ N can also be understood geometrically. Once we put P anti-branes in the resolved conifold, the effective size of the space is t ef f = g s (N − P ), thus recovering the group theory bound P ≤ N. These results are obtained by computing the A-model topological string partition function in the presence of these branes and showing that it agrees with the Chern-Simon results of Witten [19] . In the crystal melting description [25, 26] of these amplitudes, the Young tableau of the dual Wilson loop has a nice geometrical realization in the crystal. The corners produced in the crystal by the insertion of branes [27, 26] has exactly the shape of the corresponding Young tableau! We also find a purely geometric description of the unknot Wilson loop operators in terms of Calabi-Yau geometries that are asymptotic to the resolved conifold. We show that the backreaction of the brane configurations in Figures 2 and 3 can be taken into account exactly, giving rise to a Calabi-Yau geometry without D-branes! The two different D-brane configurations in Figures 2 and 3 yield the same Calabi-Yau geometry, and the information about the representation R of the Wilson loop is now encoded in the topology of the corresponding Calabi-Yau. Physically, the appearance of this rich class of Calabi-Yau geometries can be understood as arising from a new class of geometric transitions, where noncompact Lagrangian D-branes/anti-branes are replaced by non-trivial topologies supporting the "flux" produced by the branes. The computation of the A-model topological string amplitude on these "bubbling" Calabi-Yau geometries, obtained by letting the branes undergo a geometric transition, exactly reproduces the result for the expectation value of the corresponding Wilson loop obtained by Witten [19] . Therefore, these bubbling Calabi-Yau geometries provide a novel representation of knot invariants of Chern-Simons theory.
The topology of the Calabi-Yau geometry corresponding to a Wilson loop is best understood by giving the following parametrization of a Young tableau 8 The Calabi-Yau geometry dual to a Wilson loop labeled by a Young tableau given in Figure 4 (a) is given by the toric web diagram shown in Figure 4 (b). The corresponding Calabi-Yau geometry has 2m + 1 nontrivial P 1 's. The associated complexified Kähler moduli are given by t i = g s l i for i = 1, . . . , 2m + 1, where l i are the integers in Figure  4 (a) parametrizing the Young tableau.
Although the explicit quantitative checks we make are all based on the unknot, our physical arguments apply to arbitrary knots and links. Indeed it is possible to write the closed Gopakumar-Vafa (GV) invariants [16] associated to the bubbling Calabi-Yau corresponding to an arbitrary knot in terms of the open GV invariants [20, 22] associated to the Lagrangian branes giving rise to the bubbling Calabi-Yau after geometric transition. We plan to report on this relation and on more general geometric transitions in the forthcoming paper [28] .
The extent of the analogy between AdS/CFT and the GV duality is striking. We hope that the very explicit realization of the holographic correspondence found in this paper -including all quantum corrections -provides us with hints for deeper understanding of the AdS/CFT correspondence and holography in further detail.
The plan of the rest of the paper is as follows. In section 2 we integrate out the degrees of freedom introduced by a configuration of non-compact branes intersecting S 3 along a knot α and show that the net effect is to insert a Wilson loop operator for U(N) Chern-Simons theory on S 3 . In section 3 we identify the brane configurations in the resolved conifold dual to a Wilson loop operator. The identification is explicitly checked for the case of the unknot. In section 4 we show that the Wilson loop operators can be related to the closed string partition function of bubbling Calabi-Yau's, which are interpreted as arising via a geometric transition of the brane configuration in section 3. Appendix A revisits the description of Wilson loops in terms of string world-sheets. Appendix B reviews the melting crystal models found in [26] . The explicit computations for the unknot, which support our proposal in this paper, are performed using the crystal models. Appendix C explains relevant details of the target space theory of topological strings.
Wilson loops as branes in the deformed conifold
In this section we find a brane configuration in T * S 3 whose effective description is given by a Wilson loop operator of Chern-Simons theory on S 3 . The basic idea is to add extra noncompact branes beyond the N D-branes wrapping the S 3 that support the U(N) Chern-Simons theory participating in the large N duality. We show that integrating out the degrees of freedom introduced by the extra branes has the effect of inserting into the U(N) Chern-Simons path integral on S 3 a Wilson loop operator in a particular representation R of U(N) determined by data of the brane configuration. Having identified the brane configuration in T * S 3 corresponding to a Wilson loop, in the next section we find the holographic description of Wilson loops in terms of branes in the resolved conifold.
A Wilson loop operator of Chern-Simon theory on S 3 is labeled by a representation R of U(N) and by an embedded oriented circle α -also known as a knot -in S 3 . It is given by
where P is the path ordering operator. A microscopic description of a Wilson loop operator can be given by adding new degrees of freedom localized on the knot on which the operator is supported. In the string theory realization, the new localized degrees of freedom arise microscopically by quantizing open strings between the D-branes wrapping S 3 and new branes intersecting the S 3 along the knot α.
As shown by [20] , a Lagrangian submanifold L in T * S 3 can be found such that it intersects S 3 along an arbitrary knot α. Given a knot α in S 3 parametrized by q i (s), where q i are coordinates on S 3 , then L is determined by the following noncompact Lagrangian submanifold 9
where p i are coordinates in the fiber of T * S 3 . The topology of L is R 2 ×S 1 or more precisely that of a solid torus. The brane is noncompact and has a boundary at asymptotic infinity. The boundary is a T 2 with canonical α and β one cycles. In L, the α-cycle of the T 2 is non-contractible while the β-cycle of the T 2 is contractible 10 . Therefore, we want to consider the gauge theory living on the brane configuration in T * S 3 given by N D-branes wrapping S 3 intersecting M branes wrapping L. The action is given by [20] 
and A, A are the connections on M = S 3 and M = L respectively. χ are bifundamental fields localized along the knot α arising from the quantization of open strings with one end on S 3 and the other one on L. Depending on whether we wrap a D-brane or an anti-brane 11 on L, χ is either a fermionic or a bosonic field. 9 We recall that the Kähler form of T * S 3 is given by ω = 3 i=1 dp i ∧ dq i . 10 As we will see in the next section, the roles of α and β are reversed in the corresponding Lagrangian submanifold L in the resolved conifold; β being non-contractible in the corresponding L. 11 In topological string theory an anti-brane is exactly the same [29] as a ghost brane, obtained by reversing the sign of the D-brane boundary state. That's why the statistics of the open string fields is reversed when open strings are stretched between a D-brane and an anti-brane as compared to when they are stretched between two D-branes. See also [30] .
Wilson loops as D-branes
If D-branes wrap L then χ are fermions. Integrating out χ is straightforward, it inserts the so called Ooguri-Vafa operator [20] 12
where Q T is the Young tableau conjugate to Q. We now want to integrate A out 13
In order to proceed we now briefly recall some well known facts about Chern-Simons theory. In the present case, Chern-Simons is defined on a solid torus with a boundary at infinity given by a T 2 . The path integral is a wave function ψ| for Chern-Simons theory on a T 2 and depends on the boundary condition imposed at infinity.
The path integral in (2.8) has the insertion of Tr Q P exp α A, that is a Wilson loop along the non-contractible cycle α of T 2 . This creates a state of Chern-Simons theory on T 2 labeled by |Q . Therefore (2.8) yields
(2.9)
The holonomies around the α and β cycles of T 2 are canonically conjugate [31] . The path integral is defined by specifying the holonomy at infinity either around the α or β cycle. Roughly speaking, the holonomy around α plays the role of the position operator while the holonomy around the β cycle plays the role of momentum. In the context of Chern-Simons theory, momentum can be identified with the highest weight vector of a representation R, shifted by the Weyl vector.
Since our aim is to find the Wilson loop in a particular representation R (2.3), we choose the boundary condition ψ| = R T |. This means that we choose a boundary condition at infinity with non-trivial holonomy around the contractible cycle β in L. Since the states labeled by representations form an orthonormal basis, this picks out the Q = R T term in (2.9). In other words, imposing the boundary condition ψ| = R T | is equivalent to focusing on the Q = R T term in (2.9).
We now give the physical interpretation of this boundary condition. In a nutshell, the holonomy around the contractible cycle β measures fundamental string charge. 12 The path integral over χ reduces to that of free fermions. This formula can then be derived by 13 In this analysis we omit the path integral over A, which is to be done at the end. In [20] the path integral over A was performed while the integral over A wasn't.
Open String Endpoints as Anyons
To understand the physical meaning of the boundary condition, let us consider the effect of the Wilson loop Tr R exp A on the non-compact branes.
Consider first the case when M = 1, i.e. for a single brane on L. The action of the brane in the presence of the Wilson loop (swept by an open string end point) is given by
(2.10)
Therefore, the corresponding equations of motion are given by
where z is the complex coordinate parameterizing the R 2 in L. Physically, the endpoint of an open string behaves like an anyon when viewed from the brane worldvolume. By integrating (2.11) we conclude that having k fundamental strings ending on L introduces a non-trivial holonomy around the contractible cycle β of the T 2 in L. The holonomy is given by
(2.12)
In the general case of M arbitrary, the treatment of the non-Abelian equations of motion is more subtle, as noted originally by Witten [32] . Fortunately, we can borrow results from [31] , where the insertion of the Wilson loop in the representation R T was found to induce the holonomy
Therefore, the boundary condition ψ| = R T | is tantamount to introducing the holonomy given by (2.13) at infinity. We denote by (L R T 1 , . . . , L R T M ) the configuration of branes with this holonomy (2.13).
When we go through the transition to the resolved conifold, we will see that there is a shift by 1 2 g s M in the effective holonomy, coming from the backreaction of the geometry on the branes. In Appendix C we show that the gauge invariant quantity is given by the holonomy shifted by the integral of the Kähler form over a disk ending on β, thus giving rise to the shift by 14 1 2 g s M in the resolved conifold.
Therefore, the D-brane configuration (L R T 1 , . . . , L R T M ) we have considered in T * S 3 inserts a Wilson loop operator along the knot α e iS CS (A) · Tr R P exp α A.
(2.14)
Summarizing, we have derived the identification
Wilson loops as anti-branes
In topological string theory an anti-brane has the interpretation as a ghost brane [29, 30] , whose boundary state is minus that of a brane. This sign changes the statistics of the open string fields between branes and anti-branes. This is why the χ fields in the brane configuration we have described in T * S 3 are bosonic when anti-branes wrap the Lagrangian submanifold L.
When χ are quantized as bosonic fields, integrating them out yields 15
We can now easily calculate the path integral over A following our previous discussion for D-branes. If we denote by (L R 1 , . . . , L R P ) a configuration of P anti-branes with holonomy 16
corresponding to the boundary condition ψ| = R|, we are left with the insertion of a Wilson loop operator along the knot α given by
Therefore we arrive at the identification
We now study the bulk description of Wilson loops in Chern-Simons theory in terms of branes in the resolved conifold geometry. 15 Now the path integral over χ reduces to that of free bosons. The final answer is obtained by noting that 16 As before, there will be a shift by 1 2 g s P in the resolved conifold.
Wilson loops as branes in the resolved conifold
In the previous section we have shown that a Wilson loop operator on any knot α and for any representation R can be obtained by integrating out the physics of a D-brane configuration (L R T 1 , . . . , L R T M ) or anti-brane configuration (L R 1 , . . . , L R P ). To obtain the resolved conifold description of a Wilson loop we follow the brane configuration through the conifold singularity. Taubes has explicitly constructed a Lagrangian submanifold L for every knot α in S 3 [24] . Physically, this Lagrangian submanifold in the resolved conifold is the dual description of the Lagrangian submanifold (2.4) in T * S 3 described in the previous section. Topologically L is also R 2 × S 1 and has an asymptotic boundary given by a T 2 .
The Lagrangian submanifolds constructed by Taubes have the property that they end on a knot α in the S 3 at infinity. From the point of view of holography, this is precisely as expected. The dual U(N) Chern-Simons theory lives on the S 3 at asymptotic infinity in the resolved conifold. Given that we are looking for the resolved conifold description of Wilson loops, it is expected that the bulk description is given by a bulk object which ends on a knot, thus introducing the appropriate source for a Wilson loop operator.
A crucial role in the derivation in the previous section is played by the holonomies around the contractible cycle of the
This data has a nice geometrical interpretation in the resolved conifold. As one follows the branes through the conifold singularity, the contractible cycle β of the Lagrangian L in T * S 3 grows to become a non-contractible cycle β of the T 2 on the corresponding Lagrangian L of the resolved conifold.
As explained in more detail in Appendix C, the holonomy of the complex gauge field A has the interpretation as the modulus 17 of the brane. More precisely, in addition to the holonomy of the gauge field, the gauge invariant modulus has a contribution from the Kähler form J integrated over a disk ending on β. This contributes 1 2 g s M to the modulus since D J = 1 2 g s M (see footnote 12). Therefore, the Wilson loop operator described by the brane configuration (L R T 1 , . . . , L R T P ) in the deformed conifold has a bulk interpretation in terms of M Lagrangian D-branes (L x 1 , . . . , L x P ) in the resolved conifold. Moreover, the modulus x i of the i-th brane in the resolved conifold is determined by the holonomy data (2.13)
. . , P (3.21) 17 In the toric diagram, the modulus is the position of the brane.
Similarly, the brane configuration (L R 1 , . . . , L R M ) in the deformed conifold has a bulk interpretation in terms of M Lagrangian anti-branes (L y 1 , . . . , L y M ) in the resolved conifold. Moreover, the modulus y i of the i-th brane in the resolved conifold is determined by the holonomy data (2.17)
We now proceed to verify this identification for the case when the Wilson loop operator is defined on the simplest knot, the unknot. When the deformed conifold geometry is defined by
For the case of the unknot, the Wilson loop operator W R in (2.3) is described by the configuration of D-branes in Figure 2 18 . The corresponding Lagrangian submanifolds end on the inner edge, thus accounting for the group theory bound R T 1 ≤ N. This is consistent with the requirement that β should be non-contractible.
It was shown in [26] , as reviewed in Appendix B, that the Wilson loop vev for the unknot can be rewritten as We also show in Appendix B that the Wilson loop vev can also be written as
. (3.26) 18 Let us parameterize the resolved conifold by |λ 1 | 2 + λ 2 | 2 − |ζ 1 | 2 − |ζ 2 | 2 = Re t up to U (1) equivalence with charges (1, 1, −1 − 1). In Figures 2 and 3 , the left, right, top, and bottom regions correspond to |λ 1 | 2 = 0, |λ 2 | 2 = 0, |ζ 1 | 2 = 0, and |ζ 2 | 2 = 0, respectively. L is given by
When the conifold is singular the z and (λ, ζ) coordinates are related as
with y i = g s (R i − i + 1/2 + P ), t = g s (N − P ). This is exactly the A-model amplitude for the brane configuration in Figure 3 , thus confirming our identification 20 W R = (L y 1 , . . . , L y P ) .
(3.27)
In summary we have identified the bulk description of Wilson loop operators in Chern-Simons theory in terms of D-branes and anti-branes in the resolved conifold. Moreover, this identification has been explicitly verified for the case of the unknot.
Wilson loops as bubbling Calabi-Yau's
A geometric transition is a phenomenon in which a stack of D-branes is replaced by a new geometry with "flux". More precisely, when the number of branes in the stack is large, the system is better described by a certain geometry where the appropriate fields that encode the charges of the branes are turned on. In physical string theory these fields are RR fluxes originally sourced by the D-branes. In topological string theory, the role of the fluxes is played by bulk gauge fields, namely the Kähler form and the B-field. The change in the geometry is such that the non-trivial cycle, which originally surrounds 21 the branes and is homologically trivial, becomes a non-trivial cycle that supports the "flux". There are by now many examples of this phenomenon. Here we will find a new class of geometric transitions in topological string theory.
It has been argued in [3, 6] that the D-branes realizing the half BPS straight Wilson lines in N = 4 SYM can undergo transition to certain bubbling geometries that asymptote to AdS 5 × S 5 . To obtain these geometries one makes an ansatz for supergravity fields based on the knowledge of the symmetry of the branes describing the Wilson loops. One then imposes the BPS condition and finds that the supergravity solution is determined by simple data, namely a black-and-white pattern on a line as in Figure 4(a) . It is expected that the data corresponds to the representation of the Wilson loop [3] .
We found in section 3 that Wilson loop operators in Chern-Simons theory can be realized by a configuration of branes or anti-branes in the resolved conifold. When the number of D-branes in a stack is large we expect that the system has a better description in terms of pure geometry. The D-branes wrap a Lagrangian submanifold L of topology R 2 × S 1 . The neighborhood of the submanifold, modeled by the normal bundle, is locally 20 L has to be on an outer edge because there is no bound on the holonomy. For β to be noncontractible, L has to be on the lower-left or upper-right edge. It has to be on the lower-left edge because increasing the holonomy is gauge equivalent to moving the brane to the left. L is given by 21 Let W be the world-volume of the brane, and M a homologically trivial cycle. We say that M surrounds W if there is a chain N such that ∂N = M and if the intersection number of N and W is non-zero. R 5 × S 1 . A contractible S 2 in the transverse R 3 surrounds the branes. The geometric transition of the D-branes makes the S 2 non-trivial while making the S 1 contractible. More precisely, the topology change is described by a surgery procedure: we cut out a tubular neighborhood of topology (3-ball)×R 2 × S 1 from the ambient space X and glue in a region of topology S 2 × R 2 ×(disk) to get a new space X ′ . A relative 2-cycle with boundary on L combines with the disk to become a 2-cycle in X ′ . Let us now specialize to the Wilson loop along the unknot, in a representation of the form Figure 5(a) . The Wilson loop is realized by a stack of l Lagrangian D-branes on the inner edge at positions x i = g s (l + m − i + 1/2), i = 1, ..., l. These branes live in the resolved conifold with Kähler modulus t = g s (N + l). We propose that when l and m are large, these branes undergo geometric transition to the toric Calabi-Yau manifold whose toric web diagram is shown in 5(b). The three Kähler moduli are t 1 = g s m, t 2 = g s l, t 3 = g s (N − m). Note that the new geometry has topology that is precisely as described above. The contractible sphere that originally surrounded the branes become a non-trivial cycle of size g s l. The two holomorphic disks that originally ended on the branes become spheres of sizes g s m and g s (N − m). Our proposal is supported by the explicit computation for the unknot. If we substitute x i = g s (l + m − i + 1/2) into the open+closed string partition function (3.24) in the brane set up of Figure 5 (c), it becomes 22
This is precisely the closed string amplitude for the bubbling Calabi-Yau in Figure 5(b) , 22 For precise agreement we should include ξ(q) l in (3.24) where ξ(q) = ∞ j=1 (1 − q j ) −1 . This factor does not contribute to perturbative amplitudes because of its modular property [27] . computed using mirror symmetry and integrality 23 ! This constitutes very strong evidence for our proposal for the geometric transition.
In section 3 we showed that the same Wilson loop is realized by a stack of m antibranes on an outer edge with holonomies y i = g s (l + m − i + 1/2), i = 1, ..., m turned on. (See Figure 5(d) .) The anti-branes live in the resolved conifold with t = g s (N − m) . These anti-branes also undergo geometric transition. The resulting geometry is the same as for the branes on the inner edge. In this case the 2-sphere surrounding the anti-branes acquires size g s m, and one 2-sphere of size g s l arises from a holomorphic disk ending on the anti-branes. The open+closed string partition function (3.26) for the anti-branes again becomes 24 the closed string partition function (4.28) after substituting the values for y i .
Let us now discuss the Wilson loop along the unknot in the general representation R. It is convenient to parameterize R in terms of lengths l i of the edges as in Figure  4 (a). The open+closed string partition functions (3.24) and (3.26) both become, after substituting the values for holonomies,
We recognize this as the closed string partition function for the toric Calabi-Yau whose toric diagram is shown in Figure 4 (b)! [33] This complicated geometry arises via geometric transition of branes or anti-branes. The description in terms of geometry is more appropriate when l i , hence the cycles, are large. These Calabi-Yau manifolds provide a novel representation of knot invariants in Chern-Simons theory.
In the forthcoming paper [28] we will show that the open GV invariants for an arbitrary knot determine the closed GV invariants of the bubbling CY geometry as well as discuss generalization of the newly found class of geometric transitions.
Here the filled circles are the end points of the gauge field propagators, and are integrated along the Wilson loop. When the Feynman diagrams are drawn as fat graphs, they can directly be viewed as infinitely thin open string world-sheets [19] . To provide for a string theory description, we place an extra holomorphic world-sheet that has the loop as its boundary because the boundary of the world-sheet is a Wilson loop. This surface is unique and is given as follows. The equation for the deformed conifold is given in (3.23). Let us introduce w coordinates by z 1 = w 1 + iw 2 , z 4 = w 1 − iw 2 , z 2 = w 3 + iw 4 , z 3 = −w 3 + iw 4 . Then the equation becomes
The S 3 is the real locus (b i = 0) of the hypersurface. A knot can be parameterized as
where f i (θ) are real functions satisfying i f i (θ) 2 = µ. Then the holomorphic surface is given by
Thin open string world-sheets should then be glued to the boundary of the holomorphic surface. In other words, we are quantizing the open string theory around a classical string solution represented by the holomorphic world-sheet. As in AdS/CFT we need to cut off the infinite area of the surface. After IR regularization the contribution of the infinite holomorphic surface is simply e −Area . By subtracting the area, string theory around the holomorphic world-sheet computes the Wilson loop vev. It is easy to generalize this consideration to an arbitrary multi-trace case
k is an infinite vector of non-negative integers. If we know these expectation values we can compute the vev of the Wilson loop in an arbitrary representation with the help of the Frobenius relation. The computation of such an operator is done by expanding the string theory around a classical string solution in which we place k 1 singly wrapped surfaces, k 2 doubly wrapped surfaces, etc. The classical configuration involves the total of k j distinct world-sheets. Note that there are quantum fluctuations that connect them. They represent the interactions among fundamental strings.
The IR regularization of the world-sheet can be conveniently done by introducing M non-compact D-branes on which the second boundary of the large world-sheet ends.
These D-branes wrap a Lagrangian L. It is in fact convenient to deal at once with configurations with all possible k (with k j = 0 for all j > M). Let s with the area of the holomorphic surface. The idea is that the surface appears in the perturbative quantization of topological strings in the background with non-compact D-branes. Let us denote by V the M × M holonomy matrix for the gauge field on L along the boundary of the surface. Because the world-volume is non-compact, the gauge field on the noncompact branes is essentially non-dynamical. The contribution from the stack of worldsheet instantons specified by k picks up the factors ∞ j=1 (TrV j ) k j from the holonomy on the second boundary. The open string partition function Z(V ) of the system with branes is given by
1/z k = 1/ j (k j !)j k j is the symmetry factor. Up to e −s this agrees with the generating functional of Wilson loops obtained in [20] through consideration in the open string channel. Here we provided a closed string channel derivation.
Let us now follow the conifold transition to the resolved side. The Gopakumar-Vafa duality implies that Z(V ) can be identified with the partition function of topological strings in the resolved conifold, in the presence of non-compact branes with holonomy V . The contribution to the coefficient of ∞ j=1 (Tr(e −s V ) j ) k j now comes from a stack of world-sheet instantons. Their boundaries are on L and they are wrapped multiply in the way specified by k. The branes provide IR regularization. Thus our conclusion is that the Wilson loop ∞ j=1 TrPe j H A k j is identified with the stack of non-compact world-sheet instantons whose wrapping numbers are k = (k 1 , k 2 , ...). The exact computation of the brane amplitude (A. 35) , which is possible for unknot, then leads to exact quantization of string theory around the classical string solution. Note that the interactions between world-sheets, corresponding to quantum fluctuations that connect world-sheets, arise in the perturbative computation of the brane amplitude.
B Wilson loops as crystals
In this section we revisit the crystal descriptions of the Wilson loop vev for the unknot, developed in [26] . Besides being interesting on its own right, we use such crystals to facilitate the computations that support our pictures of Wilson loops as branes or bubbling geometries. 25 Let R be the representation corresponding to a Young diagram. Consider the three dimensional region shown in Figure 6 . A unit cube in the region is considered to be an atom. Outside the region is the air. We regard the region as the initial crystal configuration, which is specified by Young diagram R in Figure 4 Figure 4 . 25 The computations can in principle be performed starting with the expression W R ∼ det 1≤i,j≤N (q j(Ri −i) ), though the crystals provide more transparent methods. 26 For the prefactors that play no role for us, see [26] .
This type of crystal melting problem can be treated efficiently using the free CFT techniques [25] . For our purposes, all the reader needs to know is the commutation relation of two operators Γ ± (z) and how they act on the vacuum: 27
The partition function W R can be expressed in several different ways. Here we consider the expressions which differ only 28 in the way the Young diagram R is parametrized. The parametrization uses the number R i of boxes in the i-th row. The second uses the number R T i of boxes in the i-th column. The third uses the length l i of i-the edge. See Figure 4(a) for an example.
The next parametrization of R we consider is in terms of the number R i of boxes in the i-th row.
(B.37) (B.36) allows one to compute this and obtain (3.26) that is the partition function in the presence of anti-branes on the outer edge. The special case of P = 1 was considered in [35] . The parametrization in terms of R T i , the number of boxes in each column, naturally relates the crystal to the branes in section 3. (M in this paragraph is not the same as M in the previous one.)
One can derive (3.24) from this. 27 If the reader wishes to understand how the crystal melting problem is translated to the free CFT expressions, formulas like Γ + (1)|R = R≺Q |Q can be found in [25] . 28 Our considerations here are all in the closed string slicing as defined in [26] . There is also the open string slicing that is useful for relating W R to the Wilson loop vev.
The parametrization in terms of l i is useful for relating the crystal to the bubbling geometry. W R is written as For a single Lagrangian A-brane, one real modulus is given, when B = 0, by the holonomy A along a non-trivial one-cycle of L. This is again to be promoted to a gauge-invariant combination. The minimal combination is
where D ⊂ M is a disk (or more generally a surface with boundary) whose boundary is the 1-cycle. 30 In topological field theory, all moduli are complex. There must be another real modulus associated with the one-cycle that combines with (C.41) to form a complex modulus. The existence of the additional modulus can be understood as follows. 29 The notation for gauge fields in this appendix differs from the rest of the paper. Here A is a hermitian connection, and A = φ − iA is its complexification. 30 The existence of D follows from b 1 (M ) = 0.
Let us consider an infinitesimal deformation of L that preserves the condition that the submanifold is Lagrangian. An infinitesimal deformation corresponds to a normal vector field v, i.e., a section of the normal bundle T M| L /T L. We can think of v as a vector field defined in a neighborhood of L v = v µ ∂ µ (C.42) (indices are for M coordinates), up to a vector field ξ, defined in the same domain, such that ξ| L ∈ T L. ω is preserved by the deformation if and only if
where L v is the Lie derivative. By contracting v with the symplectic form ω, one can form a 1-form in the neighborhood of L:
i v ω is closed and its restriction i v ω| L defines a cohomology class of L. i v ω| L is exact if and only if v is a Hamiltonian vector field: v = (ω −1 ) µν ∂ ν f for some function f . Indeed it is known that two Lagrangian submanifolds related by a Hamiltonian deformation defines the same open string theory [36] . Infinitesimally, the deformation modulus is given by
The modulus for a finite deformation is known to be given (for a single brane ) by the symplectic area of the disk 31 D ω.
(C.45)
One can easily check that the variation of (C.45) is proportional to ∂D i v ω. The description of the deformation modulus in the above two paragraphs is rather unsatisfactory because unlike (C.41), (C.45) does not depend on a field of the worldvolume theory. We now point out that the correct description of the brane, namely the Chern-Simons theory with a complex gauge group, generalizes (C.45) into a form that is in parallel with (C.41).
In string theory, all deformations of the theory must appear in the physical spectrum. As Witten showed in [19] , the spectrum comes solely from H 1 (L). For N coincident branes, this gives rise to U(N) theory when a reality condition is imposed on the string field. To account for deformations of the Lagrangian submanifold, however, it is more natural not to impose the reality condition [36] . Thus the gauge field is a complex field, and the gauge group is GL(N, C). We write A + iφ for the complex gauge field.
To understand the meaning of the imaginary part of the gauge field, let us consider the vertex operators for the gauge fields. Let us use coordinates X a to parameterize L, and Y a for transverse directions so that X a + iY a are complex coordinates of M. Topological string theory is a version of bosonic string theory [19] . The "fixed" vertex operators [37] for the real gauge fields A a are the fermions χ a in the notation of [19] . The corresponding "integrated" vertex operators are {b 0 , χ a }, which turn out to be ∂ τ X a . (τ is the parameter for the boundary of a world-sheet, and X a (z = σ + iτ ) are the embedding coordinates.) Thus the "integrated" vertex operators for the imaginary gauge fields φ a are i∂ t X a . In topological A-model, only the field configurations such that X a + iY a is holomorphic in z contribute. For such configurations i∂ τ X a = −i∂ σ Y a . It is well-known that integrating these vertex operators induces transverse deformations of the brane. Thus we have shown that the imaginary gauge fields give rise to deformations of the brane.
Our conclusion, which is in agreement with some of the literature [36] , is that in topological A-model the natural gauge group for the Chern-Simons theory on A-branes is a complex gauge group. This obviously raises the issue of non-perturbative definition because the path-integral seems to be divergent. Our attitude here is that only the perturbative definition of the Chern-Simons theory is relevant. This is consistent with the fact that topological string theory is defined only perturbatively.
Once we accept the complex gauge group, there is natural generalization of (C.45) for the real modulus: where F = dA + A 2 . For a promising approach to the target space theory, see [38] .
